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In this talk, we will describe two different and equivalent diagrammatic ways to describe how
effectul programs compose in a possibly non-associative way. The first formalism is a variant of
functorial game semantics depicted in the 2-categorical language of string diagrams [1, 2, 3]. The
second formalism is based on sequential proof-nets, a new graphical representation of proofs with
non-associative composition recently introduced by the three authors for the classical L-calculus [4].

In order to understand where non-associativity of composition comes from, consider a language with
two different let constructors:

>  a let®® constructor in call-by-value, where let®® z = v in t evaluates u before t,
>  a let® constructor in call-by-name, where let®® z = v in ¢ evaluates ¢ before u.
Then, consider the two effectful programs u and v defined as follows:
v = let™z = fin (let®y = g in h)
v = let® y = (let®™ z = fin g) in h @

where f, g and h are themselves effectful programs and where x does not occur in h. The three
programs f, g and h define a path of length 3

A N e S Ly h B

where the two effectful programs

u=(hog)of  v=ho(gof)

are obtained as composite with different orders of composition:

X—9 y X —9 Ly
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The difference between the two programs is only in the position of the parentheses. However, the
left-hand side will evaluate first f, then h and finally g, whereas the right-hand side will evaluate
first h, then f and finally g. Since the programs are effectful, the order of evaluation matters and
the two programs are not necessarily equal. Thus non-associativity emerges.

This phenomenon of non-associativity was first observed by Girard in his work on classical logic [5]
and then independently by Abramsky in his work on the Blass game model of linear logic [6, 7]. The
categorical explanation of the phenomenon based on an adjunction L 4 R between positive types
for call-by-value and negative types for call-by-name was given by the second author in [8]. The
theory of duploids was then developed on these observations by the third author [9] as a direct and
non-associative categorical semantics of the L-calculus, a polarized variant of the Auji-calculus [10].



The main idea of [8, 9] is that since call-by-value is usually modelled by the Kleisli category of a
monad and call-by-name by the co-Kleisli of a comonad, to mix them together, it makes sense to

start from an adjunction:
L
/N

o L B
&1_{/

The collage category collage;,  of the adjunction has objects of the form (0, A) where A is an object
of &7 and (1, B) where B is an object of the category %, with hom-sets defined as follows:

collage;, (A, A’) = (A, A)
collage; (B, B’) = % (B, B’)
collage; (A, B) = </ (A,RB)
collage;, (B, A) = empty

where we write A instead of (0, A) and B instead of (1, B) for notational simplicity and clarity. Note
that by definition of the adjunction L 4 R there is a family of bijections

o (A,RB) = %B(LA,B)
We could have thus equivalenty defined
collage; p(A,B) := %(LA,B)

The collage category of the adjunction L 4 R may be seen as a Grothendieck construction associated
to the functor

(L,R) : 2 — Adj
from the category 2 with two objects 0 and 1 and one morphism 0 — 1 to the 2-category Adj of
adjunctions.

In the same way as the collage category “glues” together the categories &7 and A, we would like to
“glue” together the Kleisli category of the monad R o L and the co-Kleisli category of the comonad
L o R. However, as observed in [8] in the case of the category of Blass games, this construction
generally induces a non-associative category. The construction works for any adjunction L 4 R and
was coined the duploid construction in [9]. The non-associative category noted dupl;,  has the same
objects as the collage category, and its hom-sets are defined as:

o For A and A’, both in </, duply, (A4, A") = «/(A, RLA), i.e. the Kleisli morphisms,

 For B and B’, both in %, duply, r(B, B') = #(LRB, B'), i.e. the coKleisli morphisms,

o For A€ o and B’ € %, duply, p(A, B') = #/(A,RB’),

» For B€ # and A’ € o/, duply, z(B,A’) = o/(RB, RLA’).
This construction has identities and composition, but contrary to the collage category, which is an
associative category in the usual sense, the duploid duply,  is not associative.
First account: non-associativity in 2-categorical string diagrams

This phenomenon of non-associativity can be depicted in the language of 2-categorical string dia-
grams using the ideas of functorial game semantics [1, 2] and of string diagrams for premonoidal
categories [11]. Suppose given two objects A, A’ of the category </ and two objects B, B’ of the
category # as well as three morphisms

f € duply z(A', A) = B(LA',LA)

g € dupl;, p(A’,B) = &/(A,RB') = (LA, B)

h € dupl;, p(B,B’) = «/(RB,RB’)

The two possible compositions are represented as follows in the language of 2-categorical string
diagrams:



The flow of control, determined by the trajectories of the functors L and R, indicates the order of
evaluation. On the left-hand side, f is the first to be evaluated, then s and finally g, whereas on the
right-hand side, it starts by A, then f and finally g, demonstrating the lack of associativity. Cells
with a horizontal input such as the one labelled g conveniently represent oblique morphisms of the
adjunction L 4 R.

Second account: non-associativity in sequential proof-nets

A second way to picture this phenomenon relies on the notion of sequential proof-nets recently
introduced by the three authors [12]. In these sequential proof-nets, every cut between two programs
is located inside a dedicated “effect area” whose purpose is to encapsulate the computational effects
produced by the cut. The colour of the effect area depends on the order of evaluation: light blue for
call-by-value and dark red for call-by-name.

Instead of being explicitly depicted with a string as in functorial game semantics, the control flow
remains implicit and is represented by these effect areas, which describe the order of compositions
in the same way as parenthesis in the syntax. Consider for example the two possible compositions
of three programs t, ¢ and e as follows

to(coe) (toc)oe

and their respective representation as sequential proof-nets:

As a matter of fact, these diagrams based on sequential proof-nets are in correspondence with the
linear classical L-calculus, introduced in [4] by the three authors, which can be understood as an
abstract-machine calculus for polarised multiplicative linear logic. In particular, removing the effect
areas (and the pjfi-binders) of a sequential proof-net induces a multiplicative proof-nets (depicted in
the style of Lafont interaction nets [13]). This “depolarization process” transports a proof of system L
and polarized classical linear logic into linear logic and is not reversible as there are multiple different
sequentializations of a single multiplicative proof-nets of (depolarized) multiplicative linear logic.
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